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Abstract

A general framework for threshold parameters in population dynamics is developed
using the concept of target reproduction numbers. This framework identifies repro-
duction numbers and other threshold parameters in the literature in terms of their roles
in population control. The framework is applied to the analysis of single and multi-
ple control strategies in ecology and epidemiology, and this provides new biological
insights.

Keywords Basic reproduction number - Net reproductive value - Leslie matrix -
Lefkovitch matrix - Disease model - Control

1 Introduction

Some of the most central quantities in theoretical biology are threshold parameters
determining population persistence or disease invasibility, thereby providing bio-
logical insights regarding population protection and disease control. Reproduction
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numbers are threshold parameters that have been widely used in population dynam-
ics, especially for applications in ecology and epidemiology. However, due to the
complexity of biological problems and multiplicities of their mathematical represen-
tations, there are often several different choices for threshold parameters, leading
to varied reproduction numbers (Bani-Yaghoub et al. 2012; Cushing and Diekmann
2016). This has stimulated much discussion (Cushing and Diekmann 2016; Heffernan
etal. 2005; Keeling and Grenfell 2000; Li et al. 201 1; Roberts 2007; van den Driessche
2017), and has even led to many analog names (e.g., reproductive rates, reproduction
ratios and net reproductive values) coexisting in the literature. The purpose of this
paper is to identify these reproduction numbers based on their roles on population
control, identifying how they serve as threshold parameters for population dynamics.
The tool used is an extended version of target reproduction numbers, which was first
introduced by Shuai et al. (2013) as a generalization of type reproduction numbers
(Heesterbeek and Roberts 2007; Roberts and Heesterbeek 2003). It will be shown
that many reproduction numbers and related threshold parameters are indeed target
reproduction numbers corresponding to specific population control strategies.

In epidemiology, the basic reproduction number (the average number of secondary
infections caused by a typical infectious individual introduced into a completely
susceptible host population; Ry > 0) often serves as a sharp threshold parameter
determining whether or not the infectious disease dies out by Ry < 1 or > 1, respec-
tively. The next-generation matrix method (Diekmann et al. 2013; van den Driessche
and Watmough 2002), in which biological terms are classified as either disease trans-
mission or transfer, leads to a next-generation matrix K. This has become a standard
tool for deriving the basic reproduction number, which is defined as the spectral radius
of the next-generation matrix (i.e., Ro = p(K)), for many infectious disease models.
The basic reproduction number can be used to determine the herd immunity fraction
11— RLO’ which is the fraction of the host population needed to become immune (e.g.,
via vaccine) in order to control the disease (Anderson and May 1991). However, if the
vaccine is only applied to a certain group (group i) of the host population, then the type
reproduction number 7; determines the vaccine coverage needed for group i in order
to control the disease among all groups, and the required fraction of vaccine coverage
in group i is 1 — T’ see Heesterbeek and Roberts (2007), Roberts and Heesterbeek
(2003). Recently, a generahzatlon of type reproduction numbers namely target repro-
duction numbers 7¢ has been introduced for measuring strategies that control only
certain infection and/or transition terms during the disease transmission process (Shuai
etal. 2013). Specifically, the next generation matrix is decomposed into two parts: tar-
get matrix C of terms subject to change and residual matrix K — C of terms not subject
to change. Then the controlled reproduction matrix TIC'C +(K—-C)=K—(1— Tlc—)C
has the spectral radius 1 at the threshold value. That is, the required change for terms
in C is measured by the fraction 1 — Ti, as established later in Theorem 1.

In ecology, the population growth rate (A > 0) and the net reproductive value (the
lifetime reproductive output of an individual; Ryp > 0) are often derived in matrix
population models to determine whether the population persists or goes to extinction
(Caswell 2001). Let P denote a nonnegative irreducible population projection matrix
in the model (e.g., a Lefkovitch matrix or a Leslie matrix), where P = T + F can be
decomposed into two parts according to their ecological meaning: transition matrix
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T and fertility matrix F. Then the population growth rate determines the effort to be
used to scale both transition and fertility matrices in order to reach the threshold value
of one (crossing from extinction to persistence or from persistence to extinction).
Specifically, the controlled population growth rate corresponding to the controlled
population projection matrix %T + %F is one. In contrast, the net reproductive value
R( determines the effort needed to scale only fertility and the resulting projection
matrix T + RLOF has growth rate one (Cushing and Zhou 1994; Li and Schneider
2002). It will be shown later (Lemma 1) that the net reproductive value Ry is a target
reproduction number corresponding to fertility control, while the population growth
rate A is a target reproduction number corresponding to both fertility and transition
control.

The connection between these threshold parameters in ecology and epidemiology
has been well-recognized from both aspects, and these parameters have also been
widely used in population and disease control. Nevertheless, a general mathemat-
ical framework is still missing to unify these parameters. The consequence is that
researchers often need to define, derive, and study these threshold parameters anew
for different classes of problems in ecology and/or epidemiology. In this paper, we
provide such a general framework on threshold parameters using target reproduction
numbers. First, we extend the definition of the target reproduction number to a general
setting so that it unifies the above threshold parameters. Although the definition of
the target reproduction number is purely algebraic, a graph interpretation is presented
to provide biological meaning. We develop both algebraic and graphic approaches to
compute target reproduction numbers, and demonstrate their use for one or multiple
control strategies. Applications are illustrated using both ecological and epidemiolog-
ical models taken from the literature.

2 Target reproduction number
2.1 A general algebraic theory

Let A = [a;;] = B + C be a nonnegative irreducible n x n matrix, where the
nonnegative target matrix C = [c;;] consists of all targeted entries, and the nonnegative
residual matrix B = [b;;] consists of all entries not targeted. Note that each a;; may
be divided into two parts, one part b;; unchanged, and one part ¢;; subject to change,
either a decrease or increase; that is, a;; = b;j +c¢;j, 1 < i, j < n. For controllability,
matrix B is required to have p(B) < 1, where p denotes the spectral radius.

Definition 1 Let A, B, C be nonnegative n x n matrices such that A = B + C is
irreducible, C # 0, and p(B) < 1. Then the target reproduction number Tc > 0 is
defined as

Tc = p(CU—B), 2.1)

where [ is the n x n identity matrix.

The target reproduction number 7¢ defined above extends the one in Shuai et al.
(2013), in which each entry of A is either targeted or not targeted (i.e., each entry is not
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divided into two parts). If S is the set of (whole) entries of A that are targeted, then the
target matrix C and residual matrix B are chosen as follows: if (i, j) € S,thenc;; = a;;
and b;; = 0; whereas if (i, j) ¢ S, then ¢;; = 0 and b;; = a;;. In this situation, the
target reproduction number 7¢ in (2.1) becomes the target reproduction number in
Shuai et al. (2013). Furthermore, when the target matrix C consists of only one or
several rows (or columns) of entries of A, the target reproduction number becomes
the type reproduction number, previously defined by Heesterbeek and Roberts (2007),
Roberts and Heesterbeek (2003).

The target reproduction number 7¢ also works for situations where parts of entires
bir+cn bz
[C(l)l 8] and residual matrix B = [2; b(1)2
reproduction number 7¢ = p(C(I — B)™!) = M”@W, provided that 1 — by —
b12by1 > 0 equivalently p(B) < 1.

Let

of A are targeted. For example, let A = [ ] with target matrix C =

]. Then, by Definition 1, the target

Ac(t) =B+ %C 2.2)

denote the controlled matrix corresponding to the target matrix C with certain pop-
ulation control effort T > 0, thus every entry ¢;; of C becomes c;;/z. Since A is
irreducible, the monotone property of the spectral radius of A¢ (t) holds (Berman and
Plemmons 1979, p. 27), and thus p(Ac (7)) is monotone decreasing as T increases.
The following result, which extends an earlier result by Shuai et al. (2013, Theorem
2.2), describes the effort that is needed such that the controlled matrix has spectral
radius 1.

Theorem 1 Let A, B, C be nonnegative n X n matrices such that A = B + C is
irreducible, C # 0, and p(B) < 1. Then p(Ac(t)) = 1 ifand only if T = T¢.

Proof 1t follows from p(B) < 1 that C(I — B)~! is a nonnegative matrix. Let x” > 0
be a nonnegative left eigenvector of C (I — B) ™! associated with the Perron eigenvalue
Te = p(CI —B) M, ie,xTCcI —B)~' =TexT . Hence xTC = TexT (1 — B) =
TexT — TexT B, which implies that x7 (B + %CC) = xT. This is, the nonnegative

irreducible matrix B+ TIC' C has anonnegative left-eigenvector x corresponding to the

eigenvalue 1. By Perron-Frobenius Theory (see, e.g., Berman and Plemmons (1979,
Theorem 1.4) or Li and Schneider (2002, Theorem 2.1)), the spectral radius of B+ T% C
is the unique eigenvalue with a nonnegative eigenvector, and thus p(Ac(7¢)) =
p(B+ TLCC ) = 1. By the monotone property of the spectral radius of A¢(t) (Berman
and Plemmons 1979, p. 27), p(A¢(r)) = 1 ifand only if T = Z¢. O

The following result shows that 7¢ and p(A) always stay on the same side of the
value 1; see Shuai et al. (2013, Theorem 2.1) for an earlier result on the target repro-
duction number, and also earlier results on the net reproductive rate by Cushing and
Zhou (1994), Li and Schneider (2002). As p(A) often provides a sharp threshold for
population dynamics, the various target reproduction numbers 7¢ thus also serve as
sharp threshold parameters and some of them may have explicit and simpler expres-
sions than p(A). Using the notation of Berman and Plemmons (1979) for matrices
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X = [x;j] and Y = [y;;], the inequality X < Y means x;; < y;; for all 7, j and
X #Y.

Theorem2 Let A, B, C be nonnegative n x n matrices such that A = B + C is
irreducible, C # 0, and p(B) < 1. Then the following statement holds:

(1) p(A) > 1 &= Tc > 1;
2) p(A) =1 Tc = 1;
3) p(A) <l <= Tc < 1.

Proof Since A is irreducible, Ac(7¢) = B + TLCC is also irreducible. If 7o > 1,
then Ac(7¢) < A = B + C and thus p(Ac(7¢)) < p(A) (see, e.g., Berman and
Plemmons (1979, p. 27)). By Theorem 1, p(Ac(7¢)) = 1. Therefore, p(A) > 1.
Similarly, if 7c < 1, then Ac(Z¢) > Aand 1 = p(Ac(Z¢)) > p(A). O

The relation between two target reproduction numbers of the same matrix A is
described in the following result, which extends an earlier result by Shuai et al. (2013,
Theorem 4.3). Biologically, less effort is required when targeting more entries.

Theorem 3 Let A, B, C, B’, C' be nonnegative n x n matrices suchthat A = B+C =
B’ + C' is irreducible, C # 0, C' #0, p(B) < 1 and p(B") < 1.IfC > C’, then one
of the following statements holds:

(1) 1 < TC < TC’;

2 Ic=Tc=1;

B) Ter <1c < 1.

Proof If 7¢c > 1, then, by Theorem 2, p(A) > 1 and 7Z¢» > 1. In the following, we
prove 7¢ > 7¢. Assume, on the contrary, that 7¢c > 7¢r. Then

1
Ac(Z7c) =B+ —C
c(dc) —i—TC

:B’+Lc/+B—B’+iC—LC’
Te Tc Tc
/ 1 /
< Ac/(Tc/)+B—B + —(C —-C)
TC/
<Ac(T¢)+B—-B +C—-C
= Ac/(1¢).

Since both A¢(7¢) and A/ (7¢) are irreducible, p(Ac(Z¢)) < p(Ac (I¢r)). How-
ever, by Theorem 1, p(Ac(Z¢)) = p(Ac(Z¢)) = 1, which is a contradiction.
Therefore, 1 < 7¢ < 7¢/. The case with 7¢ < 1 can be proved by reversing all
inequalities above. O

2.2 Graph theoretic interpretation

The previous section uses matrix-theoretic results for target reproduction numbers.
Alternatively, graph-theoretic results can be obtained to provide a powerful tool for
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computing target reproduction numbers explicitly in terms of cycle-unions of the
related digraph. Let D = D(A) = D(B, C) be the weighted multi-digraph associated
with the residual matrix B and target matrix C; that is, D consists of vertices labelled
by 1,2,...,n, and two arcs ji from vertex j to vertex i (of weights b;; and ¢;;) if
and only if b;; > 0 and ¢;; > 0, one arc ji (of weight given by the nonzero value)
if and only if one of b;; and c;; is nonzero, and no arc if both of them are zero. An
arc corresponding to an entry in C is called a farget arc. A cycle-union U of D is a
subdigraph such that each component of I/ is a cycle of length > 1; that is, a cycle-
union is a union of vertex-disjoint cycles of D. Let c({/) denote the number of cycles
in such a subdigraph. The weight w(l{) of a cycle-union I/ is the product of weights
of arcs in U. The empty digraph (consisting of no vertex and no arc) is regarded as a
trivial cycle-union with weight 1. See Moon et al. (2014) or West (1996) for additional
and detailed graph-theoretic definitions.

The following result provides an alternative way to compute the target reproduction
number 7¢.

Theorem 4 Let A, B, C be nonnegative n X n matrices such that A = B + C is
irreducible, C # 0, and p(B) < 1. Then t = ¢ satisfies the following characteristic
equation

ot ot "Vt g =0. (2.3)

Here r is the rank of the target matrix C and for 1 <i <,

=Y (=D wed), 2.4)
ui

where the sum is over all cycle-unions U' of D that contain i target arcs of C.

Proof By Theorem 1, 7 is equal to 7¢ when 1 is an eigenvalue of the controlled matrix
Ac(t) =B+ %C. That is, det(/ — B — %C) = 0. Applying a determinant expansion
formula in Moon et al. (2014, Proposition 2.2) yields

> (=1 @was =o, 2.5)
u

where the sum is over all cycle-unions U/ of the weighted multi-digraph D¢ associated
with matrices B and %C . Note that D¢ has the same vertex and arcs sets as those of D
but different weights; specifically, the weight of each target arc in D¢ equals % of the
weight of the target arc in D. Thus the weight of each cycle-union U of D¢ in (2.5)
contains the factor 7~! the same number of times as the number of target arcs in /.
Since U is the union of vertex-disjoint cycles of D¢, U contains at most r target arcs,
where r is the rank of the target matrix C. Rewriting (2.5) according to the power of
! gives (2.3) with the coefficient ; of the term 7~/ equal to the sum of weights of
all cycle-unions that contain i target arcs. O

Graph reduction rules by de-Camino-Beck and Lewis (2007, 2008) have previously
been used to derive the characteristic equation (2.3). Our new result Theorem 4 shows
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that the coefficients in the characteristic equation can be interpreted as cycle-unions
of the graph/network. Thus the characteristic equation can be derived by computing
all cycle-unions in the network. For a complex network, the graph reduction rules
(de-Camino-Beck and Lewis 2007, 2008) can be applied to reduce the network before
applying Theorem 4.

If the rank of the target matrix C is 1, then Theorem 4 gives an explicit expression for
the target reproduction number in terms of cycle-unions as derived in the following
result. Earlier results of this type have previously been established by Rueffler and
Metz (2013), Rueffler et al. (2013) for the net reproductive value Ry, which is a target
reproduction number corresponding to fertility control as shown later in Lemma 1.

Theorem5 Let A, B, C be nonnegative n X n matrices such that A = B + C is
irreducible, C # 0, and p(B) < 1. If the rank of the target matrix C is 1, then

~ Zu(_l)l-i-C(u)w(u)

: 2.6)
> D Pw)

where the sums are over all cycle-unions U and cycle-unions V of D(B, C) that do
and do not contain a target arc in C, respectively.

Proof Since the rank of C is 1, r = 1 and the characteristic equation (2.3) with (2.4)
gives
aTe +ap=0 2.7)

with

a = (=DPw) and o= (=D Dwr,
1% 2

where cycle-unions U and V are given as above. Solving 7¢ from (2.7) gives (2.6). O

If ¢;j = a;j forsomei and 1 < j < n and ¢;; = 0 otherwise, then 7¢c becomes the
type reproduction number 7; targeting all entries in row (or column) i of A (Heester-
beek and Roberts 2007; Roberts and Heesterbeek 2003). If ¢;; = a;; for some i, j
and ¢;; = 0 otherwise, then 7¢ becomes the target reproduction number 7;; targeting
only one entry (i, j) of A (Moon et al. 2014; Shuai et al. 2013). The following results
follow directly from Theorem 5, and have previously been established by Moon et al.
(2014, Theorems 4.1 and 5.3) by using generating functions for walks in a digraph.

Corollary 1 Let A be a nonnegative n x n irreducible matrix, and IT; and T;; be well
defined for some i, j. Then

>, D wesy)
DN

Ti (2.8)
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where the sums are over all cycle-unions U; and cycle-unions V; of D(A) that do and
do not contain a vertex in row (or column) i, respectively; and

I+cUij) y
Dy, DT )

Tij = ,
2, P wy)

(2.9)

where the sums are over all cycle-unions U;j and cycle-unions V;j of D(A) that do
and do not contain arc ji of weight a;j, respectively.

An illustration of these results is given for a perennial weed, scentless chamomile,
in Sect. 3.4.

A characteristic equation such as (2.3) can be extended to the case where multiple
control strategies are applied for matrix A. For example, let S be the target set with
effort  and U be the target set with effort o. Let A= [ai;] be the controlled matrix
after these two control efforts, then

aij if (i,j)¢SUU,
G = | a G ES (DR,
Y Yai; if G j) €U G j) ¢S,
5 4ij if(i,j)eSﬂU.

Then using an argument similar to that in the proof of Theorem 4, the characteristic
equation such that p(A) = 1 is

r N
Y it =0, (2.10)
i=0 j=0

where r, s are the ranks of the target matrices corresponding to S and U, and

aij = Y (=D U Dwa).
Ui

Here the sum is over all cycle-unions ¢/*/ that contain i target arcs in S and j target
arcs in U. The characteristic equation (2.10) can be used to derive minimum cost
population control strategies; see Sects. 3.4 and 4.2 for applications in ecology and
epidemiology, respectively.

3 Applications to ecology
3.1 Net reproductive value as a target reproduction number
A discrete-time matrix model (Caswell 2001) for an age or stage structured population

is defined as
X1 = Pxi, 3.1
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where x; is a vector of ages/stages at time ¢ and P is a nonnegative irreducible matrix,
customarily called a population projection matrix, which describes transitions from
one age/stage to another one (Caswell 2001). The spectral radius A = p(P) is called
the (geometric) population growth rate, which determines whether the population
grows or goes to extinction, depending on whether A > 1 or & < 1. (Note that A is not
strictly arate asitis dimensionless.) The projection matrix P can be decomposed, based
on biological interpretations, as P = T + F, where T > 0 contains the survivorship
transitions and F' > 0 contains the fecundities. Hence, T and F are called the transition
matrix and the fecundity matrix (or fertility matrix), respectively. The net reproductive
value Ry is defined as the spectral radius of the next generation matrix F (I — 7)1,
that is,

Ro=p(F(I = T)""); (3.2)

see Allen and van den Driessche (2008), Cushing and Zhou (1994), Li and Schneider
(2002). The following result shows that Ry is the target reproduction number that
corresponds to the population control strategy targeting all fecundities in the projection
matrix.

Lemma 1 Suppose that p(T) < 1. Then the net reproductive value Ry is the target
reproduction number Tc as in (2.1) for A = P corresponding to the target matrix
C=F.

Proof Let A= P = B+ C, B = T, and C = F in Definition 1. The the target
reproduction number 7¢ as in (2.1) becomes 7¢ = p(F(I —T)™') = Ry by (3.2).O0

An illustration of this result is given for a Lefkovitch model for salmonid conser-
vation in Sect. 3.3.1.

By identifying . = p(P) = 7p and Ry = Ty with P > F, the next result follows
directly from Theorem 3. This result previously appeared in Li and Schneider (2002,
Theorem 3.1) and Cushing and Zhou (1994, Theorem 3 and Corollary 7).

Lemma 2 Suppose that p(T) < 1 and T # 0. Then one of the following holds:

() 1 <A< Ry,
2) A=Ryp=1;
3) Rop <A< 1.

We remark thatif 7 = 0, then the growth rate and the net reproductive value are equal,
i.e., A = Ry.

In the remaining part of this ecological section, we demonstrate the applications
of target reproduction numbers with common types of projection matricies P in the
literature.
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3.2 Application to n-stage Lefkovitch matrix model

Consider the following Lefkovitch matrix

si+by by by -+ byp by-1 by
1 52
15 $3
P= , (33)
Sp—2
Ih—2  Sn—1
h—1 Sn

where s; > 0 describes the probability of staying, #; > 0 describes the probability of
transition, and b; > 0 with b,, > 0 describes the fertility (Caswell 2001). According
to Lemma 1, the net reproductive value Ry is the target reproduction number 7¢ with
the fertility matrix being the target matrix C, that is,

bl b2 T bn—] bn

0

Notice that the target matrix C contains only part of the (1, 1) entry of P, demonstrating
the extension of target reproduction numbers as described in Sect. 2. Since C has rank
1, Theorem 5 can be used to derive the following explicit expression

bl =s) - (L =) + 1102 (1 —53) -+ - (L —5) + -+ 11 ty—1Dy

R() )
(T=sp)--- (1 —sp)
i.e.,
by t1by t - ty—1by
Ry = + bt . G4
I=s1 (=5 —s52) (I=sp)-- (1 —sp)

To assess the impact of control we consider the case in which the following steps
happen in each time interval in the order stated

— production of b; offsprings per survivor;
— survival with probability p;;
— proportion ¢; stays in the same class while proportion 1 — g; moves to the next
class.
In terms of these quantities, s; = p;g; and t; = p; (1 — g;).
When g; = O foralli,s; = 0,; = p; and P in (3.3) becomes a Leslie matrix
(Caswell 2001). As a consequence, the net reproductive value (3.4) becomes Ry =
i—1
Zn ' b; HZ, L Pis with the convention that ]_[(])-:1 pj = 1. This agrees with previous
1= J= N E
results on Leslie matrices; see, for example, Caswell (2001).
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3.3 Application to 4-stage Lefkovitch matrix model, with a case study on
protecting salmonids

In this section we consider the Lefkovitch matrix in the form of (3.3) with 4 stages
(i.e., n = 4) and discuss various population control strategies. That is,

s1+br by by by
1 52 0 0
0 n s3 0]’
0 0 3 S4

P = (3.5)

with s; = p1g; and t; = p; (1 — ¢q;).

3.3.1 The target matrix C has only nonzero entries of b; for 1 < i < 4, ie.,
control of offspring production. By Lemma 1, the target reproduction number 7¢ is
the same as Ry as given in (3.4) with n = 4. That is, the controlled projection matrix

by by b3 by
TR R R R
Pc = h 2000 g spectral radius 1.
0 83 0
0 0 13 S4

3.3.2 The target matrix C has only nonzero entries of s and 71, i.e., control of
survival probability p; in stage 1. The corresponding target reproduction number
takes the form

51 t1by tithb3 n titr13by
mp - mi(l1—s)  mi(l—s)(1—s3) mi(l—s)1—s3)1—s4)

Tc =

withm; =1 — b;.

3.3.3 The target matrix C has only nonzero entry s4, i.e., control of survival proba-
bility at the last stage. The target reproduction number is

$42
Te =Ty = ———
Z — tiatz3by

withz = (1 —s1—b1)(1 —52)(1 —53) —t1b2(1 —53) —t112b3 encoding all cycle-unions
that do not contain the last stage.

3.3.4 An immediate application of the Lefkovitch matrix (3.5) is to the salmonid
model proposed by Huang and Lewis (2015, Appendix C), in which s; = s = 0 and
b1 = by = b3 = 0. That is, the projection matrix for protecting salmonids takes the
following form
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0 0 0 ba
n 0 0 O 3.6)
15}

0 0 13 4

First the net reproductive value Ry is the target reproduction number 77 (targeting all
entries in the first row or the first column). Since the first row and the first column both
contain only one non-zero entry, it follows from Theorem 5 that Ry = 71 = 751 = 7T14.
Biologically, in order to protect endangered salmonids (i.e., Ry < 1), either the average
number of fertilized eggs produced per adult, b4, could be increased by b4 (1/Rp — 1),
i.e., the average number of fertilized eggs produced per adult becomes b4/ R (actually
this leads to a controlled reproductive value R. = 1, thus a little bit more increase
is needed), or the proportion of eggs that hatch to fry stage each year, #1, could be
increased to 1 /Ry.

Since the second row contains only one non-zero entry, 7o, = 751 = 73, = Ryp.
For example, to control the proportion of fry that survive to the juvenile stage each
year, t» could be increased to >/ Ry. Similarly, other target reproduction numbers can
be calculated to measure the change of s3, #3 or s4 needed in order to protect the
endangered population. The increase of s4 could be achieved by reducing the harvest
for adult salmonids, thus 744 = s4(1 — 53)/((1 — s3) — f11213b4) guides the needed
amount of harvest reduction.

3.4 Application to controlling scentless chamomile

Scentless chamomile (Matricaria perforata) is an invasive weed in north America,
found in agricultural farmland and disturbed habitats. It is a perennial with three
stages: seed bank (in the ground, 1), rosettes (2), and flowering plants (3). Biological
transitions can be represented either by weights in a life-cycle graph or by entries in
a projection matrix. In a given year, seeds in the seed bank will remain in the seed
bank with probability ay;. They will germinate from the seed bank into a rosette with
probability ay1, and germinate into a flower with probability a3;. They will die with
probability 1 — aj; — az; — a3z1. Rosettes will transform into flowers with probability
azy, and die with probability 1 — aszp. The flowers contribute to all fecundities as
follows. In a single year, flowers will produce a3 seed bank seeds per flower, will
produce ay3 rosettes per flower, and will produce a33 new flowers per flower. Then
the original flower will die. Full details of the life cycle dynamics can be found in
de-Camino-Beck and Lewis (2007).

The resulting projection matrix for the growth of scentless chamomile (de-Camino-
Beck and Lewis 2007, 2008) is

ain 0 a3
A= | ay 0 ax |. 3.7

asy  dazy  asz

The corresponding weighted digraph D(A) is given in Fig. 1. There are multiple
biological control measures for scentless chamomile. Generally, they can target either
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asy

/\

a
az — B -
an —_— _ ass
\_}

ans

Fig. 1 Digraph D(A) for scentless chamomile, as given by matrix (3.7). For a full biological explanation
of the weights, see the text

the seed production (e.g., seed weevils) or the plant growth (e.g., gall midges) (Hinz
and McClay 2000). Controls affecting seed production will reduce a3, a>3 and as3.
Controls affecting plant growth will reduce a»;, a3 and a3,. They may also have a
smaller affect on a33, but we do not consider this. For completeness we also consider
the possibility that level of seeds in the seed bank can be controlled by removal of soil
infested with seeds, thereby reducing aj;. However, in practice, this is not a typical
method for control.

In what follows we first consider the three different strategies in isolation, and then
consider a mixed strategy.

3.4.1 Control of offspring reproduction ~ We consider the case where the target matrix
C has only nonzero entries ¢j3 = a;3 for 1 < i < 3, so that the target matrix is the
fecundity matrix (de-Camino-Beck and Lewis 2007, 2008). Since this matrix has rank
1, by Corollary 1,

_ 433 +a13a31 + a3azx +a13azaz) — ai1azz — aj1a3as

E
: I —an

. 38

provided aj; < 1. In the denominator, 1 is the weight of an empty digraph while a;
is the weight of the cycle-union consisting of a loop (i.e., cycle of length 1) at vertex
1. In the numerator of 73, the first four terms are the weights of four cycle-unions
that consist of only one cycle and contain exactly one target entry, while the last two
terms are the weights of two cycle-unions that each consist of two cycles and contain
exactly one target entry (see Fig. 1). The target reproduction number 73 agrees with
the expression of the basic reproductive ratio R in de-Camino-Beck and Lewis (2007)
derived by graph reduction rules, agreeing with Lemma 1.

3.4.2 Control of survival probability at the first stage We next consider the case
where the target matrix C has only one nonzero entry c;; = aij, i.e., control of the
survival probability of seeds. By Corollary 1, the target reproduction number is

ar (1 —asz —axzazn)

T = ,
1 — a33 — apzaz) — axazn — aj3axnas)

(3.9)

provided that the denominator is positive. Biologically this positivity means that the
growth of scentless chamomile can be controlled by only targeting the survival prob-
ability of seeds. Note that all terms in (3.9) are the weights of cycle-unions in D(A),
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and all terms in (3.8) also appear in (3.9) but are relocated based on whether the term
contains a target entry.

3.4.3 Control of survival probability at the last stage In the last single strategy, the
target matrix C has only nonzero entries c; = az1, ¢31 = asi, and ¢32 = asp, i.e.,
control of the growth terms. From (2.1), the target reproduction number 7¢ = p(C (I —
A+C )’1). Since matrix C has rank 2, it follows that, provided a1; < 1,a33 < 1,

0 qaizazy
Tc = , 3.10
c=r (|:a32 gaizazl + qaxazxn(l —air) (3-10)
withg = 1/((1 —aj1)(1 — as3)). Alternatively, an explicit equation involving 7¢ can
y air 0 ap
be derived as follows. Let A = | az1 /0 0 azs | be the controlled matrix. By

asi/o  azxn/o  ass
Theorem 1, the target reproduction number 7¢ is the~ value of o such tha~1t p(A) = 1.
By Theorem 2 and applying formula (3.8) to matrix A, it follows that p(A) = 1 if and
only if

T3(A)
-1 —1 -2 -
a3z +a13a30° +ax3azo’ +a13azaz10 " — aj1as3 — aj1azano
1— ai

1

=1

1

Solving this gives a quadratic equation in o ~", namely,

N2+ (azasi+anazn —arianazn)o " +(—1+ai +azz—ariass) = 0.

(3.11)
When multiplied by o2, this agrees with the characteristic equation of the matrix in
(3.10). As shown in Theorem 4, the terms in (3.11) have graphical interpretations: the
coefficient of the quadratic term corresponds to the weight of the cycle (or cycle-union
in general) that contains two target entries, the coefficient of the linear terms corre-
sponds to the weights of cycle-unions that contain one target entry, and the constant
term corresponds to the weights of cycle-unions that do not contain any target entry
(including the empty digraph of weight 1).

The cycles and cycle-unions used to calculate the target reproduction numbers can
be interpreted biologically in terms of the organism’s life cycle. For example, in (3.11),
the term containing two target entries, aj3az1a3p, starts with flowers, goes to the seed
bank (a;3), then to rosettes (az1), then back to flowers (a3,). The terms containing one
target entry and a single cycle are as follows: flowers-seed bank-flowers (a13a31) and
flowers-rosettes-flowers (az3a3»). The term containing one target entry and the union
of two cycles is flowers-rosettes-flowers (a>3az») multiplied by seed bank-seed bank
(a11). The terms containing no target entries are as follows: the empty digraph (—1),
seed bank-seed bank (ap;), flowers-flowers (a33), and the product of the latter two
representing the union of the two cycles.

3.4.4 Now we consider the minimum cost population control strategies for the scent-
less chamomile matrix A in (3.7) with the combination of control strategies in 3.4.1 and

azaz az (o
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3.4.3 above, i.e., control of fecundity and growth. In order to determine the minimum
; ar 0  ap/t
cost control effort, consider the controlled matrix A = | az; /o 0 a3/t
as1/o  axn/o  apn/t
with 7 > 1 and o > 1, and set p(A) = 1, which is equivalent to setting 7‘3(1&) =1
by Theorem 2. It follows from (3.8), since a1; < 1, that

—1 —1 ~1 ) —1
T (a33 +a3azio” " +ax3azo” +ag3azna o0 — a4z — a11a3a3o )

=1,
1—ap
thus a13az2any ai3asi
T= - 52 + <a23a32 + —)O’_l + ass, (3.12)
1 —an 1 —an
namely,
-1_-2 -1 _—1
ajzazat o -+ (azazr +axzaz —anaxsazn )t o
+(azz —anan)t ' —14a;; =0. (3.13)

Suppose the costs per unit of effort for control strategies with respect to strategies
3.4.1 and 3.4.3 are d; and d», respectively. We assume, for illustration, that 7 — 1 and
o — 1 measure the efforts needed for the control matrix A, and the corresponding total
cost function is defined as D = dj(t — 1) + d2(o — 1). Using (3.12), it follows

a|zaszdazg
1—an

apsasg

D(o) =dy(o — 1) +d; )

o 2+d (az3a32 + )071 +di(azz — 1).

(3.14)

It can be verified that the minimum cost D* = D(o*) is achieved when o = o * where
o* is a critical point of D(o). In particular, o* is the unique positive root of

ajzaza aza
D'(0) = db — 2 =22 673 g <‘123a32 + M>G_2 =0,
Il —an 1—an

or equivalently

a3asi )G* diaizanay

d
o)} — —(axzazm + =
(™) d2<23 32 o —ar)

I —ay

Figure 2 illustrates the cost minimization process graphically. It is possible to control
the populations when values of o and t fall above the solid curve. The straight line
shows the cost curve for various different costs. The minimum cost, and resulting
values 0 = o™ and T = t™ occur when the cost curve is tangent to the control curve.
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Fecundity Control (1)
2.0 25
|

1.5

1.0

T T T ] T
1.0 15 2.0 2.5 3.0

Growth Control (c)

Fig. 2 Demonstration of the calculation of minimum cost control for the scentless chamomile system
studied in Sect. 3.4.4. The solid curve describes the relationship between fecundity control (7) and growth
control (o) given by Eq. (3.12). Control is achieved for all points (o, 7) lying above this curve. The dashed
line shows the total cost function which achieves minimum cost. This is achieved at the value (o*, )
given by the dot. The lower dotted line shows that control cannot be achieved for a lower than minimum
cost, and the higher dotted line shows that when costs are higher a range of fecundity and growth values
are available for successful control. For illustrative purposes, the coefficients for each power of ¢ in (3.12)
were taken equal to 1 and d /dy was taken equal to 1. The dashed curve shows a total cost of D = 1.6 d
and the upper and lower dotted curves show D = 1.9 d| and D = 1.3 dy, respectively. These values yield
(o*, %) = (1.52,2.08)

4 Applications to epidemiology
4.1 Basic reproduction numbers as target reproduction numbers

Consider an ordinary differential equation compartmental model for infectious dis-
eases. Let J be the Jacobian matrix, representing the linearization of the dynamics
of the populations in the disease compartments at the disease-free state. Following
the next generation matrix method (Diekmann et al. 2010, 2013; van den Driessche
and Watmough 2002), consider a decomposition of J as J = F — V, where F and
V represent the transmission matrix and transfer matrix, respectively. In particular,
the inverse of V exists, and both F and V! are nonnegative. Then the basic repro-
duction number Ry is defined as the spectral radius of the next generation matrix
FV~! thatis, Rg = p(F V~1). It sometimes happens that several terms in the dis-
ease models might have arguable biological interpretations or customarily be treated
in a certain way for mathematical simplicity, resulting in a different decomposition of
J=F— \7, another next generation matrix F \7’1, and another basic reproduction
number Ry = ,0(15 V~1). Since both next generation matrices FV ! and FV~!cor-
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respond to the same stability problem of matrix J, it follows that Ry and Ro always
stay on the same side of the threshold value 1; see, for example, Knipl (2016, Proposi-
tion 2.1). Set A = FV !, and thus Ry = 0o (A). Then the following result shows that
Ry is actually a certain target reproduction number for matrix A, which extends and
provides biological insights to earlier results by Bani-Yaghoub et al. (2012, Section
3.2) and Saad-Roy et al. (2015, Theorem 1).

Theorem 6 Suppose that J = F —V = F — V, the inverse of V and V both exist,
and F, F, V=Y, V=1 are nonnegative. If F — F > 0 and p((F — F)V~) < 1, then
Ro = ,o(FV Dy is the target reproductlon number T¢ as in 2.1) for A = FV~ 1
corresponding to the target matrix C = Fv—I

Proof Since A= FV~!'andC = FV~!,itfollowsthat B=A—C = (F — F)V L.
Noticethat F—F = V —V,andthus B = (V—V)V~! = I—VV~! Hence, the target
reproductlon number (2.1) becomes 7¢ = p(C(I — B = p(ﬁV’IV\N/’l) =

p(FV™hH = R,. o

Biologically, the basic reproduction number Ry = p(FV ') can be regarded as
the target reproduction number for A = FV~! corresponding to the target matrix
C=A=FV!ie, targeting all entries in A.

Theorem 7 Let ~F F, V,~\7~ satisfy assumptions in Theorem 6, and F > F. Set Ro =
p(FVfl) and Ry = p(FVf1 ). Then one of the following holds:

(1) 1 <Ry < Ro;
(@) Ro=Ro=1;
(3) Ro <Ro < L.

Proof By Theorem 6, Ro = T¢, where T is defined as in (2.1) with A = FV~! and
C = FV~!. On the other hand, Ry = T¢ with C’ = A. Since F > F, it follows
that C’ > C, and thus the relations between Ry = 7 and Ro = T¢ follow from
Theorem 3. O

4.2 Application to heterogeneous infectious disease control

Heterogeneity exists and plays an important role in infectious disease transmission.
Mathematical models have been employed to understand the disease dynamics and
to evaluate the disease intervention and control strategies. For example, the multi-
group type of models (which also are called Lagrangian models (Cosner et al. 2009))
have been used to investigate the effect of the core group in sexually transmitted
infections (Lajmanovich and Yorke 1976), and to model the spatial spread of infectious
diseases (Lloyd and May 1996). It turns out that the basic reproduction number R,
defined as the spectral radius of the next generation matrix (Diekmann et al. 2013; van
den Driessche and Watmough 2002), generally determines whether the disease dies
out from all groups or persists at an endemic level in each group (Guo et al. 2006;
Lajmanovich and Yorke 1976; Lloyd and May 1996). Hence, in order to eradicate the
disease from all groups, various disease intervention and control strategies need to
reduce the value of the (controlled) reproduction number below 1; see, for example,

@ Springer



2334 M. A. Lewis et al.

Chow et al. (2011), Heesterbeek and Roberts (2007), Roberts and Heesterbeek (2003).
In this section, we evaluate group-targeted vaccination strategies (Chow et al. 2011)
by incorporating the vaccine cost into target reproduction numbers.

An n-group infectious disease model applicable for viral diseases such as measles
or influenza leads to an n X n next generation matrix A = [%], where d is the birth
and death rate, y is the recovery rate (thus 1/y is the mean infectious period), B;;
is the mass action transmission coefficient from infectious individuals in group j to
susceptible individuals in group i, and N; is the constant total population in group i.
To simplify our exposition, we consider a 2-group model and take

A= [all alz]’ .1

azy a2

where a;; represents the within-group transmission in group i (i = 1, 2), while a;;
represents the between-group transmission in group i due to infectious individuals in
group j (j # i). Suppose that a vaccine can be employed to target host individuals
in group i with a cost per unit effort d;; that is, it costs d; p; to effectively vaccinate a
fraction p; (0 < p; < 1) of the host individuals in group i. In reality, d; might depend
on the population size of group i, the type of vaccine applied, and the cost covering the
utility and human resource. The within-group and between-group transmission after
the vaccine effort applied in group i become a;; /t; and a;; /t; witht; = 1/(1—p;) > 1.
This removal of a vaccinated proportion, p;, from a population of size N; reduces the
population size to (1 — p;) N;. With target sets S, = {(@, j)|j = 1,2} fori = 1,2,
with effort 7;, the controlled next generation matrix is

i _[an/n an/u
A_[azl/fz azz/rg:l' 4.2)

Then the type reproduction numbers 7y, 75 can be calculated using Corollary 1 and
assuming aj; < 1,a2»n < 1:

T = ail +apad —anan _ a4 arai ’ 43)
1 —an 1—an
and anazl
T =an+ - 4.4)
I —ap
Applying (4.3) for matrix A in (4.2) gives
~ apayt; 'ty
T =ant '+ ——1 2 4.5)

1-— a22t2_1
From Theorem 2, p(A) =1 iff’f] = 1, and since t; = 1/(1 — p;) it follows that

1-— 1-—
= an(— pp + a1261121_( azz(pll)_(m) Pz)' 4.6)
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Let D = D(p1, p2) denote the cost function with vaccination among two groups that
effectively vaccinates fractions p; of the group populations. Then, by assumption,

D =dipi+drp2, O0=<pi,p2=<1l 4.7)
The minimum cost group-targeted vaccination strategies can be investigated by mini-
mizing the cost function D in (4.7) subject to the constraint (4.6).

Theorem 8 Suppose that Ry = p(A) > 1, a;1 < 1, and axy < 1. Let Ty, T, be
as defined in (4.3)—(4.4). Then the cost function D(py, p2) in (4.7) subject to (4.6)
achieves the minimum D* = D(p}, p}) where pT and p5 satisfy the following con-
ditions.

(1) Ifanax < aipazy, then either pf =0 or p; = 0.

1_1

d 1
(1a) If, in addition, > > 7 := —2L_ then p* =1 — — and p} = 0.
di 1- 4 T
T
) L. Ay 1
(I1b) If, in addition, — < 7, then p{ =0and p; =1 — —.
di T

(2) If aj1ax > aypazy, then pT and p’zk depend on the following constants

d d
axn — ./ {ana ail — ./ Fana

pr=1———— and prp=1- 4.8)
ajjax — apaz) ajjaxp — apaz)
(2a) If
_(an+anayn —anan)* b, apay]
.= <= <rt:= 5
apayy d (a11 +appaz — aran)
then 0 < p¥ pr < 1 ! d0 < p* D 1 !
en = — —an =pp<l——
P P1 T Py = D2 T
(2b)1f@>r* then *—l—iand =0
a4 ) P = T Py =Y.
(2C)Ifd—2<r then pT = 0 and *—l—i
4 %5 P 12 e
Proof 1t follows from (4.6) that
1 —an(l— p)

p1=pi(p2) =1-— .
ai + (1 — p2)(apaz — aja)

Thus
—d|na
Pl = 12421 _ <o,
(a11 + (1 — p2)(arpaz — araz))
ol 2apaz1(arax — apnaz)
1

~ (an + (1 = p2)(anaz —aian))’’

and the sign of p{ agrees with the sign of ajjax — aias;.
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When aj1a2 < apazi, p1 = p1(p2) is a continuous curve in the pi-p; plane
connecting (1 — TL.’ 0) and (0,1 — TLZ), which is decreasing and concave down as
p/l’ < 0. The cost function D = d| p1 + d p> corresponds to a series of straight lines
with different values D. The minimum value of D is obtained when one of the straight
lines cross one of the boundary points (0, 1 — Tiz) or (1 — %’ 0).

When aj1a > appazi, the curve p; = pi(p2) is decreasing and concave up.
The minimum value of D might be obtained when the straight line is tangent to the
curve p; = p1(p2) at the interception point (py, pa2), where p; and p; are given as
in (4.8). It can be verified that if the assumption in (2a) is satisfied, both p; are in
the biologically reasonable range between 0 and 1 — % Otherwise, the minimum

value of D is obtained when the straight line crosses the boundary point (1 — %, 0)
or (0,1 — %); this is the case (2b) or (2¢). O

Note that r, = r* = r if and only if ajja2» = ajpap; (i.e., A and A are singular
matrices) provided Ry > 1. Biologically, if between-group transmission is larger
than within-group transmission in a two-group disease model, then the one-group
vaccination strategy is better than the two-group vaccination strategy. On the other
hand, if within-group transmission is larger than between-group transmission (e.g.,
for infectious diseases that spread in several geographic regions), then the two-group
vaccination strategy might be more cost-effective (especially when the cost per unit
effort d; in each group is relatively comparable). For the latter situation, when the cost
per unit ratio d» /d; increases, (4.8) shows that it is better to increase vaccine coverage
in group 1, as pp increases . We now illustrate these statements with specific examples.

0.5 0.6
0.6 0.5
this example, both within-group transmissions and between-group transmissions are
equal, with the latter being larger. By Theorem 2, Ry = p(A) > 1. Note that a;; <
1,a2 < 1 and ajjaxn = 0.25 < ajpaz; = 0.36; all assumptions in Theorem 8(1)

are satisfied. By Theorem 8, a better vaccination strategy is to target the group with
1

l—ax»n —

Example T Let A = [a;j] = | | then 7 = T = @y + {22 = 1.22.1n

1—
lower cost per unit effort as 7 = 1—T,' = 1, and more than p; = 1 — 1/7; of the host

)
population in this group needs to be effectively vaccinated in order to eradicate the
disease from both groups.

0.6 05
0.5 0.6
In this case, within-group transmissions are larger. Since ajjaz; = 0.36 > ajpax; =
0.25, by Theorem 8(2), r,, = 0.9604, r* = 1.0412 and the minimum cost vaccination
strategy is determined by the cost per unit ratio in two groups. Specifically, if r, <
dr/dy < r*, then it is better to vaccinate both groups with more than p; of the host
population in each group i to require immunity from vaccine. If dp/d; > r*, then it
is better to vaccinate group 1 such that more than 1 — 1/7; of the group population is
effectively vaccinated. If d2/d; < r, then the better vaccination strategy is to target
group 2 such that more than 1 — 1/7; of the population in group 2 requires immunity
from vaccine.

Example 2 Let A = [a;;] = [ ] then 7j = T ~ 1.11 and Rp = p(A) > 1.
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Example 3 The results developed above can also be applied to diseases with no
between-group transmission such as a vector-borne disease (e.g., malaria) or a het-
erosexually transmitted diseases (e.g., gonorrhea). Let A = [a;;] = [a(;l a(1)2] be
the next generation matrix for simple disease models in which transmission happens
due to host-vector contact for vector-borne diseases or due to heterosexual contact for
sexually transmitted infections (STIs). By Theorem 8 (1), it is better to target either
the vector population or the host population for vector-borne diseases and target either
the female or male group for STIs, depending on the cost of corresponding one-group
target strategies. For example, in order to eradicate malaria, the mosquito population
or the susceptible human population needs to be reduced below a certain threshold.
According to Theorem 8, it is better to apply all available resources to target only
one population, either mosquito control or human protection (e.g., bed nets, vaccina-
tion), depending on the relative costs involved. However, our underlying model is very
simple, and since control or vaccination costs are expected to be variable (e.g., rising
when nearing a high vaccination rate), it may be more effective to target both hosts.
This could be the subject of further research using more realistic and complicated
infectious disease models.

5 Concluding remarks

We have developed a general mathematical framework, based on newly extended target
reproduction numbers, which unifies threshold parameters in theoretical biology. The
extended target reproduction numbers include the classical net reproductive value
used in ecology, and the basic and type reproduction numbers used in epidemiology.
These parameters delineate conditions under which a population or disease persists
or goes extinct. Specifically, knowledge of these target reproduction numbers aids
in measuring the change of certain parameter values in order to protect endangered
species (e.g., salmonids, see Sect. 3.3), and to determine vaccination strategies for
disease control (e.g., a two group infectious disease model, see Examples 1 and 2 in
Sect. 4.2).

Our results on target reproduction numbers are developed algebraically, but graph
theoretic interpretations using cycle-unions in the digraph underlying the dynamics
are also given. This approach leads to a characteristic equation that is useful for
deriving minimum cost population mixed control strategies in terms of the cost of
each individual control strategy (see Sect. 3.4.4 and Fig. 2 for control of scentless
chamomile, and Sect. 4.2 for disease control by vaccination). The general framework
developed can be applied to Leslie matrices, with extensions to Lefkovitch matrices for
stage structured populations, as well as to multigroup disease transmission models.
Using parameter values and cost functions estimated from data, the results can be
applied to give practical suggestions for minimum cost control strategies to control or
preserve populations and to eradicate infectious diseases.

Acknowledgements The authors would like to thank the Mathematical Biosciences Institute (MBI) at
The Ohio State University, which receives its funding through the NSF Grant DMS 1440386, for providing

@ Springer



2338 M. A. Lewis et al.

support via two MBI workshops in which this research was initiated and improved. We thank two anonymous
reviewers for helpful comments.

References

Allen LJS, van den Driessche P (2008) The basic reproduction number in some discrete-time epidemic
models. J Differ Equ Appl 14:1127-1147

Anderson RM, May RM (1991) Infectious diseases of humans: dynamics and control. Oxford University
Press, Oxford

Bani-Yaghoub M, Gautam R, Shuai Z, van den Driessche P, Ivanek R (2012) Reproduction numbers for
infections with free-living pathogens growing in the environment. J Biol Dyn 6:923-940

Berman A, Plemmons RJ (1979) Nonnegative matrices in the mathematical sciences. Academic Press, New
York

Caswell H (2001) Matrix population models: construction, analysis, and interpretation, 2nd edn. Sinauer
Associates, Sunderland

Chow L, Fan M, Feng Z (2011) Dynamics of a multigroup epidemiological model with group-targeted
vaccination strategies. J Theor Biol 291:56-64

Cosner C, Beier JC, Cantrell RS, Impoinvil D, Kapitanski L, Potts MD, Troyo A, Ruan S (2009) The effect
of human movement on the persistence of vector-borne diseases. J Theor Biol 258:550-560

Cushing JM, Diekmann O (2016) The many guises of R (a didactic note). J Theor Biol 404:295-302

Cushing JM, Zhou Y (1994) The net reproductive value and stability in matrix population models. Nat
Resour Model 8:297-333

de-Camino-Beck T, Lewis MA (2007) A new method for calculating net reproductive rate from graph
reduction with applications to the control of invasive species. Bull Math Biol 69:1341-1354

de-Camino-Beck T, Lewis MA (2008) On net reproductive rate and the timing of reproductive output. Am
Nat 172:128-139

Diekmann O, Heesterbeek JAP, Roberts MG (2010) The construction of next-generation matrices for com-
partmental epidemic models. J R Soc Interface 7:873-885

Diekmann O, Heesterbeek JAP, Britton T (2013) Mathematical tools for understanding infectious disease
dynamics. Princeton University Press, Princeton

Guo H, Li MY, Shuai Z (2006) Global stability of the endemic equilibrium of multigroup SIR epidemic
models. Can Appl Math Q 14:259-284

Heesterbeek JAP, Roberts MG (2007) The type-reproduction number 7" in models for infectious disease
control. Math Biosci 206:3-10

Heffernan JM, Smith RJ, Wahl LM (2005) Perspectives on the basic reproduction ratio. J R Soc Interface
2:281-293

Hinz HL, McClay A (2000) Ten years of scentless chamomile: Prospects for the biological control of a
weed of cultivated land. In: Proceedings of the X international symposium on biological control of
weeds, pp 537-550

Huang Q, Lewis MA (2015) Home fidelity and reproductive rate for migratory populations. Theor Ecol
8:187-205

Keeling MJ, Grenfell BT (2000) Individual-based perspectives on Rg. J Theor Biol 203:51-61

Knipl D (2016) A new approach for designing disease intervention strategies in metapopulation models. J
Biol Dyn 10:71-94

Lajmanovich A, Yorke JA (1976) A deterministic model for gonorrhea in a nonhomogeneous population.
Math Biosci 28:221-236

Li C-K, Schneider H (2002) Applications of Perron—Frobenius theory to population dynamics. J Math Biol
44:450-462

Li J, Blakeley D, Smith RJ (2011) The failure of Ry. Comput Math Models Med, Article ID 527610

Lloyd AL, May RM (1996) Spatial heterogeneity in epidemic models. J Theor Biol 79:1-11

Moon JW, Shuai Z, van den Driessche P (2014) Walks and cycles on a digraph with application to population
dynamics. Linear Algebra Appl 451:182-196

Roberts MG (2007) The pluses and minuses of Rg. J R Soc Interface 4:949-961

Roberts MG, Heesterbeek JAP (2003) A new method for estimating the effort required to control an infec-
tious disease. Proc R Soc Lond B 270:1359-1364

@ Springer



A general theory for target reproduction numbers with... 2339

Rueffler C, Metz JAJ (2013) Necessary and sufficient conditions for R to be a sum of contributions of
fertility loops. J Math Biol 66:1099-1122

Rueffler C, Metz JAJ, Van Dooren TIM (2013) What life cycle graphs can tell about the evolution of life
histories. J] Math Biol 66:225-279

Saad-Roy CM, Shuai Z, van den Driessche P (2015) Models of Bovine Babesiosis including juvenile cattle.
Bull Math Biol 77:514-547

Shuai Z, Heesterbeek JAP, van den Driessche P (2013) Extending the type reproduction number to infectious
disease control targeting contacts between types. J] Math Biol 67:1067-1082. [Also see the erratum,
J. Math. Biol., 71:255-257 (2015)]

van den Driessche P (2017) Reproduction numbers of infectious disease models. Infect Dis Modell 2:288—
303

van den Driessche P, Watmough J (2002) Reproduction numbers and sub-threshold endemic equilibria for
compartmental models of disease transmission. Math Biosci 180:29-48

West DB (1996) Introduction to graph theory. Prentice Hall, Upper Saddle River

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	A general theory for target reproduction numbers with applications to ecology and epidemiology
	Abstract
	1 Introduction
	2 Target reproduction number
	2.1 A general algebraic theory
	2.2 Graph theoretic interpretation

	3 Applications to ecology
	3.1 Net reproductive value as a target reproduction number
	3.2 Application to n-stage Lefkovitch matrix model
	3.3 Application to 4-stage Lefkovitch matrix model, with a case study on protecting salmonids
	3.4 Application to controlling scentless chamomile

	4 Applications to epidemiology
	4.1 Basic reproduction numbers as target reproduction numbers
	4.2 Application to heterogeneous infectious disease control

	5 Concluding remarks
	Acknowledgements
	References




